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ANALYTIC CONTINUATION OF EQUIVARIANT DISTRIBUTIONS
DMITRY GOUREVITCH, SIDDHARTHA SAHI, AND EITAN SAYAG
Abstract. We establish a method for constructing equivariant distributions on smooth real algebraic vari-
eties from equivariant distributions on Zariski open subsets. This is based on Bernstein’s theory of analytic
continuation of holonomic distributions. We use this to construct H-equivariant functionals on principal
series representations of G, where G is a real reductive group and H is an algebraic subgroup. We also
deduce the existence of generalized Whittaker models for degenerate principal series representations. As
a special case, this gives short proofs of existence of Whittaker models on principal series representations,
and of analytic continuation of standard intertwining operators. Finally, we extend our constructions to the
p-adic case using a recent result of Hong and Sun.
1. Introduction
The utility of the theory of distributions in representation theory and harmonic analysis is well established
since the foundational works of Bruhat and Harish-Chandra. In particular, invariant distributions provide a
basic tool to study linear functionals on induced representations, maps between induced representations, and
characters of infinite dimensional representations. In many of these applications, the representation theoretic
question is translated to a question of existence of certain equivariant distributions on a homogeneous space,
usually obtained as points over a local field of an algebraic variety. In some cases one can guess the restriction
of the equivariant distribution to an open subset and would like to extend it to the entire space. Although
such an extension problem is too general to decide we have found that in many interesting cases, the
mere existence of an equivariant distribution on a subvariety implies the existence of such an equivariant
distribution on the entire space.
To illustrate our idea let us provide a short proof for the existence of Whittaker models for the principal
series representations of G := GL(2,R). Let B ⊂ G be the Borel subgroup consisting of upper-triangular
matrices, N ⊂ B be the unipotent radical and S := B × N . Let χ be a character of S with non-trivial
unitary restriction to {Id} × N , and let π be the corresponding principal series representation. Then the
existence of Whittaker models for π is equivalent to the existence of non-zero distributions on G that are
(S, χ)-equivariant, where the action of S is given by left multiplication by B and right multiplication by
N . Note that the open Bruhat cell has a (non-zero) (S, χ)-equivariant smooth measure ξ. Let p be the
non-negative polynomial on G given by p(g) := (g21)
2. Then p is (S, ψ)-equivariant where ψ(b, n) = b−211 b
2
22.
Note that p vanishes on B and thus there exists a power n ≥ 0 such that pnξ extends to an (S, ψnχ)-
equivariant distribution η on G. To obtain an (S, χ)-equivariant distribution we consider the family pλ−nη
defined for Reλ large enough. By [Ber72] (see §3 below) this family has a meromorphic continuation to the
entire complex plane. The leading coefficient of the Laurent expansion of this family at zero (see Definition
2.3 below) is a non-zero (S, χ)-equivariant distribution on G.
More generally, let a linear algebraic group S act on a smooth affine algebraic variety X, both defined
over R. Let q be a polynomial on X transforming under the action of S by some character ψ. Define a
polynomial q¯ by q¯(x) := q(x¯). Let p := qq¯ and let Y := Xp be the basic open subset defined by p. Let X,Y
and S denote the real points of X,Y and S. Let ξ be an (S, χ)-equivariant tempered distribution on Y , i.e.
a continuous functional on the space of Schwartz functions on Y (see §2.5 below). Since p is positive on Y ,
we can consider the product pλξ as a tempered distribution on Y , for any λ ∈ C. Since p vanishes on the
complement of Y , for Reλ large enough the new distributions pλξ naturally extend to the entire space X . If
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ξ generates a holonomic D(X)-module (see §3 below for this notion) then [Ber72] implies that this family of
distributions on X has a meromorphic continuation to the entire complex plane. The obtained family ηλ is
(S, χ|ψ|2λ)-equivariant. This implies that the leading coefficient of the family ηλ at 0 is (S, χ)-equivariant,
and the constant term η0 is (see Definition 2.3 below) generalized (S, χ)-equivariant. In addition we have
η0|Y = ξ. For the detailed proof see Lemma 4.1 below.
Let us provide a class of examples in which for given S,X and Y, an equivariant polynomial q describing
Y always exists. Namely, we require S to be solvable and assume that it has an open orbit O on X. Then
the Lie-Kolchin theorem implies that the ideal of polynomials vanishing on the complement to Y := O has
a non-zero S-equivariant element q. Note that in this case, the equivariant distribution ξ on O is necessarily
a measure.
We show that it suffices to assume the existence of a measure on an arbitrary orbit, not necessary open.
We also generalize the argument to quasi-projective varieties. Since many invariant distributions arising in
representation theory are measures on orbits, we obtain numerous applications, recasting many well known
results under one roof.
Theorem A. Let a Zariski connected solvable linear algebraic group S act on a smooth quasi-projective
algebraic variety X, both defined over R. Let S and X denote the real points of S and X, and let χ be
a (continuous) character of S. Suppose that some S-orbit O ⊂ X admits a non-zero (S, χ)-equivariant
tempered measure.
Then there exists a non-zero (S, χ)-equivariant tempered distribution on X.
Here, a measure is called tempered if it defines a tempered distribution. Note that an (S, χ)-equivariant
measure on O is unique up to a multiplicative constant, and it is tempered if and only if the restriction of
χ to the unipotent radical of S is unitary. See §2.5 below for more details.
Example 1.1. Let S := R×, acting by multiplication on X := R and O := R×. Then O carries an
S-invariant measure µ = dx/|x|, which extends to a generalized-invariant distribution ξ on X given by
ξ(f) :=
∫ −1
−∞
f(x)|x|−1dx+
∫ 1
−1
(f(x)− f(0))|x|−1dx+
∫ ∞
1
f(x)|x|−1dx.
However, ξ is not S-invariant. To obtain an S-invariant distribution on X, we derive ξ and get the delta-
distribution δ0. This shows that we can either obtain a generalized-invariant extension of the original distri-
bution, or an invariant distribution, but (in general) not an invariant extension.
To demonstrate the power of Theorem A, let G be a quasi-split real reductive group, B be a Borel
subgroup, N be the unipotent radical of B, χ1 be a character of B and χ2 be a non-degenerate unitary
character of N . Take S := B ×N , consider the two-sided action of S on G, let X := G and χ := χ1 ⊗ χ2.
Then Theorem A implies the existence of Whittaker models for the principal series representations of G.
We prove a generalization of Theorem A in §4 below, see Theorem 4.5. This generalization allows S to
be a Zariski connected extension of a compact group by a solvable one. An example of such S is any Zariski
connected algebraic subgroup of a minimal parabolic subgroup of a real reductive group. We also replace
the character χ by a finite-dimensional representation of moderate growth (see §2.5.1 below).
We also extend the result to p-adic local fields, using [HS17]. However, [HS17] puts an extra assumption
on the representations. In order to shorten the formulations of our main results we introduce the following
ad-hoc notation.
Notation 1.2. If S is defined over an Archimedean field then we denote by Cfin(S) the category of finite-
dimensional representations of moderate growth. If S is defined over a p-adic local field then we denote by
Cfin(S) the category of finite-dimensional smooth representations that are trivial on the unipotent radical of
S.
In the subsequent discussion we let F be an arbitrary local field of characteristic zero, Archimedean or
not. Another natural way to generalize Theorem A is to consider also generalized sections of bundles on
X . We do that for the case when X is a transitive space of a group G that includes S. More specifically,
let F be a local field of characteristic zero, and let G be a Zariski connected linear algebraic F -group. Let
P0 ⊂ G be a minimal parabolic F -subgroup. Let H ⊂ G and S ⊂ P0 be F -subgroups and assume that S
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is Zariski connected. Let H,S,G be the groups of F -points of H,S, and G. Consider the action of S ×H
on G given by left multiplication by S and right multiplication by H. Let (σ, V ) ∈ Cfin(S ×H).
Theorem B. Suppose that some double coset SgH ⊂ G admits a non-zero tempered S × H-equivariant
V ∗-valued measure. Then there exists a non-zero S ×H -equivariant V ∗-valued tempered distribution on G.
In §4 below we prove a generalization of Theorem B that bounds the dimension of the space of S × H
-equivariant V ∗-valued tempered distributions from below by the number of (S ×H,V ∗)-measurable double
cosets that lie in the same S ×H-double coset (see Theorem 4.7). Our method provides no upper bounds
on this dimension.
Taking S = H = P0 in Theorem B we obtain an alternative proof of the existence of Knapp-Stein
intertwining operators [KnSt80]. More generally, by taking S = P0 and H arbitrary, Theorem B can be
used to construct H-invariant functionals on principal series representations of G.
Namely, assume that G is reductive and Zariski connected, let σ ∈ Cfin(P0) and denote by Ind
G
P0(σ) the
smooth induction. For any g ∈ G let Ig denote the group g
−1Hg ∩ P0, and let ∆Ig and ∆H denote the
modular functions of Ig and H . Define a character χg of Ig by χg(x) := ∆Ig (x)∆
−1
H (gxg
−1).
Corollary C (See §4). Suppose that for some g ∈ G, σ has a non-zero continuous linear functional that
changes under the action of Ig by the character χg. Then there exists an H-invariant non-zero continuous
linear functional on IndGP0(σ).
Another natural question that arises is whether one can extend distributions supported on an orbit, and
not just measures defined on an orbit. While we do not have a general result in this direction, in Example
4.13 below we show how Theorem A can be used for this purpose.
Another question is whether one can prove an analog of Theorem B and Corollary C in which P0 is
replaced by a bigger parabolic subgroup. While we could not yet answer this question in general, we can do
so for F -spherical subgroups H and certain related parabolics. For this purpose we will need a notation.
Notation 1.3. For a linear algebraic F -group P we set M(P ) to be the category of representations of P
that are trivial on the unipotent radical, and on the reductive quotient of P are
(1) finite-dimensional if F is p-adic, and
(2) smooth admissible finitely-generated Fre´chet representations of moderate growth (a.k.a. Casselman-
Wallach representations) if F is Archimedean.
Proposition D (See §4). Let G be a Zariski connected reductive algebraic F -group, P0 ⊂ G be a minimal
parabolic F -subgroup, and H be an (absolutely) spherical F -subgroup such that HP0 is open in G. Let
P ⊂ G be a parabolic F -subgroup such that P0 ⊂ P and HP = HP0. Let σ ∈M(P ). Let C := H ∩ P and
suppose that σ admits a non-zero (C,∆C∆
−1
H )-equivariant continuous linear functional. Then there exists
an H-invariant continuous non-zero linear functional on IndGP (σ).
An important example of P as above is the G/H-adapted parabolic subgroup that includes P0, see
[KKS15, Definition 2.7 and Theorem 2.8]. For another version of Proposition D see Proposition 4.9 below.
It appears that the methods of this paper allow a construction of invariant linear forms on certain sub-
quotients of the degenerate principal series studied in [Sah95], generalizing [GSS15]. We plan to investigate
this distinction problem in a forthcoming paper.
1.1. Applications to generalized Whittaker models. Let G be a Zariski connected real reductive group.
As mentioned above, Theorem A implies the well known result regarding the existence of Whittaker models
for principal series representations of G [Jac67, Kos78]. More generally, we deduce from Theorem B the
non-vanishing of generalized Whittaker spaces for degenerate principal series representations. In §5 we recall
the notion of generalized Whittaker spaces, and prove the following theorem.
Theorem E. Let P ⊂ G be a parabolic subgroup and let e be an element of the nilradical of the Lie algebra
of P . Let V be a finite-dimensional (continuous) representation of P , and let IndGP (V ) denote the smooth
induction of V to G. Then the generalized Whittaker space We(Ind
G
P (V )) does not vanish.
Note that if P is a minimal parabolic then Theorem E implies the non-vanishing of We(Ind
G
P (V )) for all
nilpotent e in the Lie algebra of G.
4 DMITRY GOUREVITCH, SIDDHARTHA SAHI, AND EITAN SAYAG
1.2. Related results. Let G be a real reductive group, and H be a (not necessarily compact) symmetric
subgroup. In [vdB88, BD92] similar constructions were performed to giveH-invariant functionals on principal
series and generalized principal series representations of G. Recent works [MOO16, MO, Moe] deal with
a related problem of constructing symmetry-breaking operators. Namely, they construct H-intertwining
operators from certain principal and degenerate principal series representations of G to certain (degenerate
or not) principal series representations of H , and show that generically their constructions exhaust the whole
space of intertwining operators. Note that the space of such intertwining operators (a.k.a. symmetry breaking
operators) is isomorphic to the space of ∆H-invariant functionals on (degenerate or not) principal series
representations of G×H , where ∆H denotes the image of the diagonal embedding of H into G×H . Thus,
Corollary C and Proposition D extend some results of [vdB88, BD92, MOO16, MO, Moe] by considering
functionals invariant under arbitrary algebraic subgroups. On the other hand, [vdB88, BD92, MOO16, MO,
Moe] allow inductions from non-minimal parabolic subgroups.
The point of departure in the above-mentioned works is the theory of Knapp-Stein intertwining operators,
and is thus directly based on analytic considerations. Our approach is more algebraic, and covers also spaces
that do not arise from symmetric pairs, in particular non-affine homogeneous spaces.
One can view both [MOO16, MO, Moe] and the ∆H ⊂ G × H-case of Corollary C and Proposition
D above as part of the general program of constructing symmetry breaking operators, see [Kob15] and
references therein. Some of the operators are constructed in that project through their kernel distribution
(as in the present paper), while some others are given by explicit differential operators.
We would like to mention that [MO] use a different method for analytic continuation - the translation
principle, which involves tensoring with finite-dimensional representations of G. This method was previously
used in [VW90] for standard intertwining operators, and in [CD94] for symmetric pairs.
We remark that a special case of our key Lemma 4.1 was formulated in [GSS15, Remark 3(ii)].
Our main motivation for the study of generalized Whittaker spaces comes from [MW87], which charac-
terizes the existence of generalized Whittaker spaces for representations of p-adic reductive groups in terms
of the wave-front sets of the representations. In [Mat90] a certain partial analog of [MW87] is provided for
complex reductive groups. However, for F = R only very partial analogs of [MW87, Mat90] are proven. We
view Theorem E as one more partial result of this kind, since it establishes the existence of all the general-
ized Whittaker models for degenerate principal series that were expected to exist. Regarding the classical
Whittaker models, the classical method gives analytic continuation, while our method a-priory allows poles.
However, one can show that actually our method creates no poles. Indeed, on the open Bruhat cell there
are no poles, and thus if the family of distributions on the group that we construct would have a pole at
some λ0 then the principal part of the family would be supported on the complement to the open Bruhat
cell. This support condition contradicts the equivariance properties (see [CHM00, Lemma 6.5] for a stronger
statement).
1.3. Structure of the paper. In §2 we collect some basic results on invariants of quasi-elementary groups
and some basic facts about Schwartz functions and tempered distributions.
In §3 we collect some facts about holonomic D modules and, following Bernstein, show their utility in
meromorphic continuation of families of distributions.
In §4 we prove a key result concerning extension of equivariant distributions (Lemma 4.1) and deduce
from it and from [HS17] generalizations of Theorems A and B. We also discuss the possibilities of further
generalizations. Finally, we deduce Corollary C from Theorem B and deduce Proposition D from Lemma
4.1, [HS17] and the Casselman embedding theorem.
In §5 we recall the notion of generalized Whittaker spaces and prove a generalization of Theorem E.
1.4. Acknowledgements. We thank Avraham Aizenbud, Joseph Bernstein, Michele Brion, Shachar
Carmeli, Dmitry Faifman, Herve Jacquet, David Kazhdan, Bernhard Kroetz, Andrey Minchenko, and Dmitry
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2. Preliminaries
Throughout the paper we let F be a local field of characteristic zero. We will denote algebraic varieties
and algebraic groups defined over F by bold letters and their F -points by the corresponding letters in regular
font.
For a representation V of a group G we denote by V G the space of invariants. We will say that a
polynomial p on V is G-equivariant if it changes by a character under the action of G on the argument.
Definition 2.1. Let (π, V ) be a representation of a group G. A vector v ∈ V is called a generalized invariant
vector if there is a natural number k such that
(π(g0)− Id)(π(g1)− Id) · · · (π(gk)− Id)v = 0 ∀ g0, g1, . . . , gk ∈ G.
Note that if G is a connected Lie group and π is a smooth representation then v is generalized invariant
if and only if the Lie algebra of G acts nilpotently on the subrepresentation generated by v.
2.1. Meromorphic families. Let C((λ)) denote the field of Laurent power series, and let E be a complex
vector space and let E((λ)) denote the space of Laurent power series with coefficients in E. For any real
a > 0 define aλ :=
∑
i≥0(ln a)
i/(i!)λi ∈ C((λ)).
Lemma 2.2. Let a group G act on E linearly, and let ψ be a character of G. Extend this action to E((λ))
in the natural way. Let
f =
∞∑
i=−n
aiλ
i ∈ E((λ)) satisfy gf = |ψ(g)|λf.
Then a−n is G-invariant. Moreover, a−n+l is generalized G-invariant for any l ≥ 0.
Proof. From gf = |ψ(g)|λf , comparing term by term, we obtain
(1) gai = χ(g)
i∑
j=−n
ln |ψ(g)|i−j
(i − j)!
aj
This implies that a−n is G-invariant. The “moreover” part follows by induction on l. 
Definition 2.3. For f =
∑∞
i=−n aiλ
i ∈ E((λ)) with a−n 6= 0 we say that a−n is the leading coefficient and
a0 is the constant term. For convenience we will say that both the leading coefficient and the constant term
of the zero series are zero.
Lemma 2.4. Let L ⊂ E((λ)) be a finite-dimensional C((λ))-vector space, and W ⊂ E be the C-subspace
given by the leading coefficients of the series in L. Then
dimCW = dimC((λ)) L.
Proof. First of all, note thatW is finite-dimensional. Indeed, for any linearly independent set of vectors inW ,
the corresponding set of constant series in L is linearly independent over C((λ)). Thus dimCW ≤ dimC((λ)) L.
Now let {wj}
n
j=1 be a basis for W . For each j we can choose a series uj in L without negative terms and
with wj as its constant term. It is enough to show that {uj}
n
j=1 span L. Clearly, it is enough to show that
any u ∈ L whose leading term is the constant term is a C((λ))−combination of the uj . To show that, let
cj ∈ C be the unique constants such that u
′ = u−
∑n
j=1 cjuj has constant term 0. Next let v
′ = u′/λ, then
there exist unique coefficients c1j such that u
′′ = v′−
∑n
j=1 c
1
juj has constant term 0. Proceeding in this way
by induction we express u =
∑n
j=1 ajuj where aj = cj + c
1
jλ+ c
2
jλ
2 + · · · ... 
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2.2. Actions of F -groups.
Notation 2.5. Following [KK], an F -variety for us is a variety over F¯ equipped with a compatible action of
the Galois group Gal(F¯ /F ). Accordingly, for us the terms “connected” and “irreducible” mean “absolutely
connected” and “absolutely irreducible”.
Proposition 2.6 ([Pop14, §1.A.2 and Proposition 2.6]). Let X be an irreducible F -variety that has a
smooth F -point. Then X is F -dense, i.e. the set of F -points in X is (Zariski) dense in X. In particular,
any connected homogeneous F -variety with an F -point is F -dense.
Let Q be a linear algebraic F -group. Following [KK, §3] we say that Q is quasi-elementary if it does not
contain a proper parabolic F -subgroup. Actually, [KK, §3] give a different definition, but explain why it is
equivalent to the one given here. Note that a quasi-elementary group is necessarily connected.
Note that all the connected solvable groups are quasi-elementary and if F = R then so are all the connected
linear algebraic R-groups with compact-by-solvable R-points.
Proposition 2.7. Let a quasi-elementary linear algebraic F -group Q act on a quasi-affine irreducible F -
dense F -variety X. Let I ⊂ O(X) be a non-zero Q-stable ideal. Then I contains a non-zero Q-equivariant
regular function defined over F .
Proof. For affine X this is [KK, Proposition 3.10].
Let us show that any quasi-affine X can be Q-equivariantly embedded into an affine F -variety Y as an
open dense subset. Indeed, there exists a generating Q-invariant finite dimensional subspace W ⊂ O(X).
Such W defines an embedding of X into W∗. Let Y be the closure of X in W∗.
Now, let J be the preimage of I under the restriction morphism O(Y) →֒ O(X). Since Y is affine and J
is Q-stable, J contains a non-zero Q-equivariant polynomial p defined over F . Restricting p to X we obtain
the required regular function. 
Corollary 2.8. Let a quasi-elementary linear algebraic F -group Q act on a quasi-affine irreducible F -variety
X. Suppose that X has an open orbit O that has an F -point. Then O is a basic open subset of X defined
by a Q-equivariant polynomial defined over F .
Proof. By Proposition 2.6 X is F -dense. Let I be the ideal defining X \O. By Proposition 2.7, I contains
a non-zero Q-equivariant polynomial p. Then p(x) 6= 0 for some x ∈ O and thus for all x ∈ O. 
Example 2.9. Let G be a reductive group, P ⊂ G be a parabolic subgroup, and P¯ be an opposite parabolic
(i.e. L := P ∩ P¯ is a Levi subgroup of both P and P¯). Suppose that G,P and P¯ are defined over F .
Consider the two-sided action of Q := P× P¯ on X := G. Let us describe the polynomial p that defines the
open Bruhat cell PP¯ in G.
Let n and n¯ be the nilradicals of the Lie algebras of P and P¯ in correspondence. Let d := dim n = dim n¯.
Let g denote the Lie algebra of G. Let v ∈ Λd(n) ⊂ Λd(g) and v¯ ∈ Λd(n¯) ⊂ Λd(g) be non-zero vectors. Let
(σ, V ) and (σ¯, V¯ ) be the subrepresentations of Λd(g) generated by v and v¯. Then V and V¯ are irreducible
and contragredient to each other. They define a matrix coefficient function p(g) := 〈v¯, σ(g)v〉. Let us show
that the zero set of p is precisely G−PP¯.
Choose a maximal torus T and a Borel subgroup B in G such that T ⊂ B ⊂ P and T ⊂ P¯. By the
Bruhat decomposition, one can choose a subset W ′ of the normalizer of T that includes the unit and is a full
set of representatives for the double coset space P \G/P¯. Note that v is the highest weight vector of V and
v¯ is the lowest weight vector of V¯ . Note also that all the elements of W ′ except the unit move v to a weight
vector of a different weight, which thus pair to zero with v¯. Therefore p vanishes on all the elements of W ′
except the unit. Since p is Q-equivariant, and p(1) 6= 0, it satisfies the conditions.
Corollary 2.10. Let G be a linear algebraic F -group and let Q,H be F -subgroups, where Q is quasi-
elementary. Let Q×H act on G by left/right multiplication and let QgH be a double coset of some F -point
g ∈ G. Let Z denote the Zariski closure of QgH.
Then there exists a non-zero Q×H-equivariant polynomial q on Z defined over F and vanishing outside
QgH.
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Proof. By Chevalley’s theorem (see e.g. [Bor91, Chapter II, Theorem 5.1]) there exist an algebraic repre-
sentation W of G and a line D ⊂W both defined over F such that H = {x ∈ G |xD = D}.
Let X denote the closure of QgD in W. Denote D× := D \ {0} and note that QgD× is open in X and
let I be the ideal of all polynomials on X that vanish outside QgD×. By Proposition 2.6, QgD× is F -dense,
and thus so is X. By Proposition 2.7 I contains a non-zeroQ-equivariant polynomial p′. Let p be the leading
homogeneous term of p′. Note that p is Q-equivariant as well and p ∈ I. Let v ∈ D× be an F -vector and
define a map a : G →W by a(x) := xv. Then a−1(QgD×) = QgH and thus a(Z) ⊂ X. Define q on Z by
q := p ◦ a. Note that q is non-zero, Q×H-equivariant and vanishes outside QgH. 
Proposition 2.11 ([KKV89, Proposition 1.1]). Let X and Y be irreducible algebraic varieties, and let
O×(X) and O×(Y) denote the groups of nowhere vanishing regular functions on them. Then the natural
map
O×(X)⊗O×(Y)→ O×(X×Y)
is an epimorphism.
Corollary 2.12. Let a connected linear algebraic group G act on an irreducible algebraic variety X. Let
p ∈ O(X) be a regular function such that the zero set of p is G-invariant. Then p changes under the action
of G by some algebraic character.
Proof. Note that the divisor corresponding to p isG-invariant, and thus the ratio pg/p is a nowhere vanishing
regular function on X, where g ∈ G and pg denotes the g-shift of p. Varying g we obtain a function
f ∈ O×(G×X). By Proposition 2.11, there exist a ∈ O×(G) and b ∈ O×(X) such that f(g, x) = a(g)b(x).
Substituting the neutral element of G we get that b is a scalar. We can choose this scalar to be 1. Note that
that a becomes an algebraic character of G and that p changes under the action of G by this character. 
Proposition 2.13 ([KKLV89]). Let a connected linear algebraic F -group G act on a normal quasi-projective
F -variety X. Then there exists an algebraic (finite-dimensional) F -representation W of G and a (locally
closed) G-equivariant embedding of X into the projective space P(W).
The proof in [KKLV89] is given for algebraically closed fields, but the argument works over any field of
zero characteristic.
2.3. Equivariant distributions on l-spaces. For non-Archimedean F we will consider distributions on
l-spaces, i.e. locally compact totally disconnected Hausdorff topological spaces. This generality includes
F -points of algebraic varieties defined over F (see [BZ76]). For an l-space X , the space S(X) of test
functions consists of locally constant compactly supported functions and the space of distributions is S∗(X),
the full linear dual. All distributions on l-spaces are tempered. In this subsection we assume that F is
non-Archimedean and let G be a linear algebraic group defined over F . Let χ be a continuous character
of G. A generalized χ-equivariant distribution on X is defined to be a generalized invariant vector in the
representation HomC(S(X), χ) of G. Our main tool in the non-Archimedean case is the following special
case of [HS17, Theorem 1.5].
Theorem 2.14. Let X be an algebraic variety defined over F such that G acts algebraically on X with an
open orbit U ⊂ X. Assume that there is a (G, ψ)-equivariant regular function f on X (for some character
ψ of G) such that
U = Xf = {x ∈ X with f(x) 6= 0}.
Assume also that χ is trivial on the F -points of the unipotent radical of G. Then every generalized χ-
equivariant distribution ξ on U(F ) extends to a generalized χ-equivariant distribution on X(F ). Moreover,
there exists a meromorphic family ηλ of (G,χ|ψ|
λ)-equivariant distributions such that the constant term η0
of this family at 0 extends ξ.
The “moreover” part is not formulated in [HS17, Theorem 1.5] but rather follows from the proof. More
precisely, it follows from [HS17, Propositions 5.20 and 6.22].
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2.4. Fre´chet Spaces, their duals and tensor products. All the topological vector spaces considered in
this paper will be either Fre´chet or dual Fre´chet . For a Fre´chet space V , V ∗ will denote the strong dual,
and for a Fre´chet or dual Fre´chet space W , V ⊗̂W will denote the completed projective tensor product and
Lb(V,W ) will denote the space of bounded linear operators from V to W (see [Tre67, §32]). The projective
topology on V ⊗̂W is generated by seminorms which are largest cross-norms corresponding to pairs of
generating semi-norms on V and W , see [Tre67, §43]. In particular, if V and W are Fre´chet spaces, then so
is V ⊗̂W . If V (or W ) is nuclear then the projective tensor product is naturally isomorphic to the injective
one, see [Tre67, Theorem 50.1]. This is the case in all our theorems. We will need the next proposition,
which follows from [Tre67, Proposition 50.5 and (50.19)]
Proposition 2.15. Let V and W be Fre´chet spaces, with V nuclear. Then we have natural isomorphisms
(V ⊗̂W )∗ ∼= V ∗ ⊗̂W ∗ ∼= Lb(V,W
∗).
We will also use the following lemma.
Lemma 2.16 ([CHM00, Lemma A.3]). Let W be a nuclear Fre´chet space and let
0→ V1 → V2 → V3 → 0
be a short exact sequence of nuclear Fre´chet spaces. Then the sequence
0→ V1 ⊗̂W → V2 ⊗̂W → V3 ⊗̂W → 0
is also a short exact sequence.
2.5. Schwartz functions and tempered distributions on real algebraic manifolds. Let X be an
algebraic manifold (i.e. smooth algebraic variety) defined over R and X := X(R). If X is affine then the
Fre´chet space S(X) of Schwartz functions on X consists of smooth complex valued functions that decay,
together with all their derivatives, faster than any polynomial. This is a nuclear Fre´chet space, with the
topology given by the system of semi-norms |φ|d := maxx∈X |df |, where d runs through all differential
operators on X with polynomial coefficients.
For a Zariski open affine subset U ⊂ X, the extension by zero of a Schwartz function on U is a Schwartz
function on X . This enables to define the Schwartz space on any algebraic manifold X, as the sum of the
Schwartz spaces of the open affine pieces, extended by zero to functions on X . For the precise definition of
this notion see e.g. [AG08]. Elements of the dual space S∗(X) are called tempered distributions. The spaces
S∗(U) for all Zariski open U ⊂ X form a sheaf. We say that a measure is tempered if it defines a tempered
distribution.
In a similar way one can define the space S(X,V ) of V -valued Schwartz functions for any Fre´chet space
V . Namely, for an affine X we demand that q(dφ(x)) is bounded for any differential operator d on X
and any seminorm q on V . It is easy to see that S(X,V ) ∼= S(X) ⊗̂V , where ⊗̂ denotes the completed
projective tensor product (cf. [Tre67, Theorem 51.6]). We define the tempered distributions S∗(X,V ) to be
the continuous linear dual space. Note that by Proposition 2.15 we have
(2) S∗(X,V ) ∼= S∗(X) ⊗̂V ∗ ∼= Lb(S(X), V
∗)
Lemma 2.17. Let p be a polynomial on X with real coefficients that takes non-negative values on X. For
any λ ∈ C with Reλ > 0 consider the function pλ(x) = p(x)λ on X. Let V be a Fre´chet space and let
ξ ∈ S∗(X,V ). Then there exists a natural number N such that for any λ with Reλ > N the distribution ξpλ
is well defined.
Proof. First of all, we can assume that X is affine. By definition, ξ is a functional on S(X) ⊗̂V bounded by
a finite combination of semi-norms of the form qi × ri, where ri are semi-norms on V and qi are semi-norms
on S(X) given by qi(f) = maxx∈X |di(f)|, where di are some differential operators on X. We let N be the
maximum of the orders of di. Then for any λ with Reλ > N the function p
λ has continuous derivatives up
to order N , and thus ξpλ is well defined. 
If a group G acts on X and on V then we consider the diagonal action on S(X,V ) and the dual action on
S∗(X,V ). We denote the space of invariants in S∗(X,V ) by S∗(X,V )G. We call the elements of this space
equivariant distributions.
Let U ⊂ X be a Zariski open subset, write U := U ∩X and let Z denote the complement to U in X .
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Theorem 2.18 ([AG08, Theorem 4.6.1 and §5.3]). Assume Z is smooth. Then the restriction to Z defines
an epimorphism S(X)։ S(Z).
Dualizing the map S(X)։ S(Z) we obtain an embedding S∗(Z) →֒ S∗(X). We call this map extension
of distributions by zero.
Theorem 2.19 ([AG08, Theorem 5.4.3]). We have
S(U) ∼= {φ ∈ S(X)| φ is 0 on Z with all derivatives}.
In particular, extension by zero defines a closed imbedding S(U) →֒ S(X).
Corollary 2.20. The restriction map S∗(X)→ S∗(U) is onto.
Remark 2.21. Note that this corollary does not hold for arbitrary distributions. For example, the distribu-
tion exdx does not extend from R to RP 1. Indeed, since RP 1 is compact, any distribution on it is tempered
and therefore restricts to a tempered distribution on R.
Let us record one more corollary of this theorem.
Corollary 2.22. Let G be an algebraic group defined over R, and V be a nuclear Fre´chet space with a con-
tinuous linear action of G := G(R). Let V ∗ denote the continuous linear dual. Let G act on X algebraically,
let U ⊂ X be a G-invariant Zariski open subset, write U := U ∩ X and let Z denote the complement to
U in X. Let ξ ∈ S∗(U, V )G. Then for some natural number n, ξ extends to a G-intertwining operator
ξ′ : Fn(X,U)→ V ∗, where Fn(X,U) is the space of Schwartz functions on X that vanish on Z with first n
derivatives.
Moreover, there exist (n, ξ′) as above such that for any differential operator d on X with polynomial
coefficients satisfying ξ ◦ d = 0, ξ′ vanishes on d(Fn+deg d(X,U)), where deg d denotes the degree of d.
Proof. We can assume that X is affine. Then the Fre´chet space S(X) is the inverse limit of the Fre´chet spaces
Sn(X) consisting of n times differentiable functions that decay rapidly at infinity together with their first
n derivatives. Note that S(X) is dense in each of these spaces. Denote by Sn(X,U) the closed subspace of
Sn(X) consisting of functions that vanish on Z with first n derivatives. Then both Fn(X,U) and S(U) are
dense in Sn(X,U), and by Theorem 2.19 we have S(U) = ∩nS
n(X,U). Let us show that ξ extends to a
continuous linear functional on Sn(X,U) ⊗̂V for some n. Indeed, ξ : S(U) ⊗̂V → C is continuous and thus
bounded by a finite linear combination of semi-norms. By definition of the projective topology on the tensor
product these semi-norms can be chosen to be of the form pi ⊗ qi where pi are semi-norms on S(U) and qi
are semi-norms on V . Then each pi can be extended to S
ni(X,U) for some ni. Let n := maxi ni. Then ξ
extends to a continuous linear functional on Sn(X,U) ⊗̂V . By Proposition 2.15, this functional defines a
bounded linear operator ξ˜ : Sn(X,U)→ V ∗.
Note that the action of G preserves all the spaces mentioned above. Thus the equivariance of ξ˜ follows
from the equivariance of ξ and the density of S(U) in Sn(X,U). To obtain ξ′ we restrict ξ˜ to Fn(X,U). To
prove the moreover part, note that ξ(d(S(U))) = 0 and the density of S(U) in Sn+deg d(X,U) implies that
ξ˜(d(Sn+deg d(X,U))) = 0. Restricting to Fn+deg d(X,U) we deduce the vanishing of ξ′ ◦ d on this space. 
Remark 2.23. More generally, one can define Schwartz sections of Nash (=smooth semi-algebraic) bundles
on Nash manifolds. Theorem 2.19 is proven in [AG08] in this generality, and Corollary 2.22 stays true in
this wider generality with identical proof.
2.5.1. Representations of moderate growth. LetG be an affine algebraic group defined over R andG := G(R).
A representation σ of G in a Fre´chet space V has moderate growth if for any semi-norm q on V there exists
a semi-norm q′ on V and a regular function a on G such that for any v ∈ V and g ∈ G we have
q(σ(g)v) ≤ |a(g)|q′(v).
Notation 2.24. We denote by C(G) the category of smooth representations of moderate growth, in nuclear
Fre´chet spaces. As in Notation 1.2 we also denote by Cfin(G) ⊂ C(G) the subcategory of finite-dimensional
representations.
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Note that all unitary characters have moderate growth. If G is a unipotent group, then a character χ
has moderate growth if and only if χ is unitary. If G is reductive, then all continuous characters have
moderate growth. These statements reduce to the case of one-dimensional groups, and in this case they are
straightforward. We will need the following special case of a version of Frobenius reciprocity.
Lemma 2.25 ([GGS17, Definition 2.3.1 and Lemma 2.3.4]). Let V ∈ C(G). Let H ⊂G be a Zariski closed
subgroup. Let ∆G and ∆H denote the modular functions of G and H. Then we have a natural isomorphism
between (V ∗)H,∆H∆
−1
G and the space of G-invariant V ∗-valued measures on G/H.
For the next two lemmas assume that G is reductive and let P ⊂ G be a parabolic subgroup. Let N be
the unipotent radical of P and n be the Lie algebra of N .
Lemma 2.26. Let V be a (continuous) finite-dimensional representation of P . Then
(i) The action of n on V is nilpotent.
(ii) V has moderate growth.
Proof. (i) Note that there exists a hyperbolic semi-simple S ∈ p such that p =
⊕
λ≥0 g(λ), where g(λ)
denotes the λ-eigenspace of the adjoint action of S. Then n =
⊕
λ>0 g(λ). Decomposing V to generalized
eigenspaces of S and using the finiteness of the dimension we obtain that n acts nilpotently.
(ii) We can assume that V is irreducible. By (i) this implies that N acts trivially on V , and thus the
reductive quotient P/N acts on V . Thus V = W ⊗ χ, where W is an algebraic representation of P/N and
χ is a character of P/N . Since both W and χ have moderate growth, so does V . 
Let V ∈ C(P ) and let IndGP (V ) denote the smooth induction.
Lemma 2.27 ([dCl91, Definition 2.1.2 and Remark 2.1.4]). Let (IndGP (V ))
∗ denote the continuous linear
dual. Then we have natural isomorphisms of G - representations
(IndGP (V ))
∗ ∼= (C∞(G, V )P )∗ ∼= S∗(G, V ⊗∆−1P )
P ,
where G acts on C∞(G, V ) and on S∗(G, V ⊗∆−1P ) from the left and P acts from the right.
2.6. Distributions on projective varieties.
Lemma 2.28. Let G be an algebraic group defined over F , let W be an algebraic (finite-dimensional)
F -representation of G, and let pr : W× → P(W) denote the natural projection, where W× denotes the
complement to 0 in W and P(W) denotes the projective space. Let X ⊂ P(W) denote a locally closed
subvariety and let X ′ := pr−1(X). If F is Archimedean assume that X is smooth. Let (σ, V ) ∈ C(G).
Then we have an isomorphism of G-representations
(3) S∗(X,V ) ≃ S∗(X ′, V )F
×
,
where the multiplicative group F× acts on S∗(X ′, V ) by the scaling action on S(X).
Moreover, this family of isomorphisms is compatible with restrictions to open subvarieties and with con-
tinuation by zero from closed subvarieties, and preserves holonomicity.
Proof. First, fix a Haar measure µ on F×. Then, for every one-dimensional subspace ℓ ⊂ W we fix an
F×-invariant measure µℓ on ℓ
× to be the pullback of µ by some linear isomorphism ϕ : ℓ ≃ F . Note that µℓ
does not depend on the choice of ϕ, since any two choices of ϕ differ by a multiplicative constant, and µ is
invariant to multiplication. Now, define an epimorphism α : S(X ′)։ S(X) by
α(f)(ℓ) :=
∫
ℓ
fµℓ.
The isomorphism (3) is given by the composition of operators S(X) → V ∗ with α. It is easy to see that it
has the stated functoriality properties. 
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2.7. The Casselman-Wallach category and the Casselman embedding theorem. Let P be a linear
algebraic R-group and U be its unipotent radical. As in Notation 1.3 let M(P ) denote the category of
smooth finitely generated Fre´chet representations of moderate growth of P that are trivial on U and define
admissible representations of P/U (see [Wall92, §11.5] or [Cas89] for the notion of admissible).
We will need the following version of Casselman’s theorem.
Theorem 2.29. Let π ∈ M(P ) and let Q be a minimal parabolic subgroup of P . Then there exists a
finite-dimensional (smooth) representation σ of Q and an epimorphism IndPQ(σ)։ π.
This theorem immediately reduces to the case of trivial U . This case in turn follows from the Casselman-
Wallach equivalence of categories (see [Wall92, §11.6.8] or [Cas89]), the Casselman embedding theorem
[CM82, Proposition 8.23] and the standard duality in the category M(P/U).
For the notion of a parabolic subgroup of a non-reductive group see e.g. [Bor91, §11].
We will apply this theorem in the case when P is a parabolic subgroup of a linear algebraic group G. In
this case Q is a minimal parabolic subgroup of G as well.
3. Preliminaries on holonomic D-modules and distributions
We will now recall some facts and notions from the theory of D-modules on smooth algebraic varieties.
For the proofs and for further details we refer the reader to [Ber72, Bor87, HTT08].
By a D-module on a smooth affine algebraic variety X we mean a module over the algebra D(X) of
differential operators. The algebra D(X) is equipped with a filtration, defined by the order of differential
operators. This filtration is called the geometric filtration. The associated graded algebra with respect to
this filtration is the algebra O(T ∗X) of regular functions on the total space of the cotangent bundle of X.
This implies that the algebra D(X) is Noetherian.
This allows us to define the singular support of a finitely generated D-module M on X in the following
way. Choose a good filtration on M , i.e. a filtration compatible with the filtration on D(X) such that the
associated graded module is a finitely-generated module over O(T ∗X). Define the singular support SS(M)
to be the support of the associated graded module. One can show that the singular support does not depend
on the choice of a good filtration onM , and that a good filtration exists if and only ifM is finitely generated.
The Bernstein inequality states that, for any non-zero finitely generatedM , we have dimSS(M) ≥ dimX .
If the equality holds then M is called holonomic. This property is closed under submodules, quotients,
extensions, and tensor products, and implies finite length.
For any Fre´chet space V , the space S∗(X,V ) of tempered V ∗-valued distributions has a structure of a
right D(X)-module, given by (ξd)(f) = ξ(df), where d ∈ D(X), X = X(R), ξ ∈ S∗(X,V ) and f ∈ S(X).
A distribution ξ ∈ S∗(X,V ) is called holonomic if the submodule ξD(X) ⊂ S∗(X,V ) generated by ξ is
holonomic. Note that if ξ is holonomic then so is ξp, for any polynomial p on X.
For any polynomial p ∈ O(X), the algebra D(Xp) of differential operators on the basic open affine set
Xp := {x ∈ X with p(x) 6= 0} is isomorphic to the localization D(X)p, i.e. the algebra of fractions of the
form dp−i. In order to define the latter algebra one proves that the family pi satisfies Ore conditions. This
follows from the next lemma.
Lemma 3.1. For any index n and any d ∈ D(X) there exists d′ ∈ D(X) such that pnd′ = dpn+deg d.
This lemma is proven by induction on deg d.
Theorem 3.2 (See e.g. [Bor87, §VI.5.2 and Theorem VII.10.1]). Let p ∈ O(X) and let M be a holonomic
module over D(Xp). Then M is holonomic also as a module over D(X).
In the case when X is an affine space, another natural filtration on D(X) is possible. This filtration is
called the arithmetic filtration, or the Bernstein filtration. It leads to a different definition of singular support
and thus could a priori lead to a different notion of a holonomic module. However, the two definitions of
holonomicity are equivalent, since both are equivalent to a certain homological property, see [Bor87, §V.2].
All the notions defined in this section can be naturally extended to non-affine algebraic varieties, and
the statements above continue to hold. However, we will only use the notion of holonomic distributions on
non-affine varieties. Namely, a distribution is holonomic if its restrictions to some (equivalently, any) affine
cover are holonomic. We now allow X to be non-affine.
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Lemma 3.3 (See e.g. [Bor87, Theorem VI.7.11] and [AG09, Facts 2.3.8 and 2.3.9]). Let Z ⊂ X be a closed
smooth subvariety, let ξ ∈ S∗(Z, V ), and let η ∈ S∗(X,V ) be the extension of ξ to X by zero. Then
(i) η is holonomic if and only if ξ is holonomic.
(ii) Let an algebraic group G act transitively on Z, and its R-points G act linearly on V . Suppose that ξ
is G-equivariant and V is finite-dimensional. Then ξ is holonomic.
For any N ∈ R denote C>N := {λ ∈ C | Reλ > N}. For any r ∈ R denote by S
∗
r (X,V ) the space of
analytic functions ξ : C>r → S
∗(X,V ). Note that for r′ < r there is a natural embedding of S∗r′(X,V ) into
S∗r (X,V ), and denote by S
∗
Λ(X,V ) the direct limit lim−→r∈R
S∗r (X,V ). Thus we regard the functions ξλ and
ξ′λ as defining the same element in S
∗
Λ(X,V ) if they agree in some right half plane.
We will say that ξ : C>r → S
∗(X,V ) is a meromorphic family if there exists an analytic function α on C
such that αξ is analytic.
Let p be a polynomial on X with real coefficients, which takes non-negative values on X := X(R) and let
ξ ∈ S∗(X,V ). By Lemma 2.17, we can define a family ξpλ ∈ S∗Λ(X,V ).
Our main tool is the following theorem, essentially proven in [Ber72].
Theorem 3.4. If ξ is holonomic then the family ξλ ∈ S
∗
Λ(X,V ) defined by ξλ = ξp
λ for λ ∈ C>N for some
N > 0 has a meromorphic continuation to the entire complex plane. Moreover, all the distributions in the
extended family and all the coefficients of the Laurent expansion at any λ ∈ C are holonomic.
Proof. Since tempered distributions form a sheaf, and so do holonomic tempered distributions, we can assume
that X is affine. For the case when X is the affine space An and V = C, the theorem is [Ber72, Corollary
4.6 and Proposition 4.2(3)]. The same proof works for X = An and general V . More precisely, this case
follows from [Ber72, Proposition 4.4 and proof of Theorem 4.3]. Indeed, let Nξ := ξD(X) ⊂ S
∗(X,V ) be the
D(X)-module generated by ξ. Let Mp be the holonomic D(X)-module defined in [Ber72, Definition 2.1] and
let M be the holonomic D(X)-module Mp ⊗Nξ. Define a morphism of D(X)-modules Ψ : M → S
∗
Λ(X,V )
by Ψ(pλ ⊗ ζ) := ζpλ. Adapting [Ber72, Proposition 4.4] to this case we obtain the theorem.
For general affine X, consider a closed embedding i : X →֒ An and extend ξ to a distribution η on Rn by
η(f) := ξ(f ◦ i). Also, extend p to a polynomial q on Rn with real coefficients. By Lemma 3.3 η is holonomic,
and thus the family ηλ ∈ S
∗
Λ(R
n, V ) defined by ηλ = η(q
2)λ/2 has a meromorphic continuation to the entire
complex plane.
Note that for any polynomial f ∈ O(Rn) that vanishes on X and λ ∈ C>0 we have ηλf = 0. Thus this
holds for all λ ∈ C and thus the family ηλ can be restricted to a family ξλ of distributions on X . The family
ηλ and all the coefficients of the its Laurent expansion at any λ ∈ C are holonomic, and by Lemma 3.3 the
same holds for the family ξλ and all its Laurent coefficients. 
Remark 3.5. The obtained meromorphic family becomes analytic after multiplication by an appropriate Γ
factor.
4. Main results
In this section we fix a local field F of characteristic zero and an algebraic F -variety X. For any regular
function p ∈ O(X) we denote by Xp the open subset
Xp := {x ∈ X with p(x) 6= 0}.
Denote also Xp := Xp ∩ X(R). Let a linear algebraic F -group Q act (algebraically) on X. Recall the
categories C(Q) and Cfin(Q) from Notation 2.24. Let (σ, V ) ∈ C(Q).
Lemma 4.1. Assume that F = R and X is smooth. Let p ∈ O(X) be real-valued on X and let U ⊂ X be
a Zariski open Q-invariant subset that includes Xp. Let ξ ∈ S
∗(U, V ) be holonomic. Let ψ be an algebraic
character of Q and assume that for all λ ∈ C with Reλ big enough, ξ|p|λ is (Q, |ψ|λσ)-equivariant.
Then there exists a meromorphic (Q, |ψ|λσ)-equivariant holonomic family {ηλ ∈ S
∗(X,V ) , λ ∈ C} such
that ηλ|Xp = (ξ|Xp)|p|
λ and the constant term η of ηλ is generalized Q-equivariant and satisfies η|Xp = ξ|Xp .
Proof. Replacing p by p2 if needed we assume that p is non-negative on X , and thus ψ is positive on Q.
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Since F = R and by definition of C(Q), V is a nuclear Fre´chet space. By Corollary 2.22, ξ extends to a
(Q, σ)-equivariant functional ξ′ on
Fn(X,U) = {φ ∈ S(X,V )|φ ≡ 0 on X \ U with first n derivatives},
for some n, such that for any d ∈ D(X) we have
(4) if ξd = 0 then ξ′(d(Fn+deg d(X,U))) = 0.
Define ηn ∈ S
∗(X,V ) by ηn(φ) := ξ
′(pnφ). Note that ηn is (Q,ψ
nσ) - equivariant.
Let us show that ηn is a holonomic distribution. For this purpose we can assume that X is affine. Let I
be the annihilator ideal of ξ in D(X), i.e. the ideal of all d ∈ D(X) with ξ(d|U) = 0. Let d1, . . . dl be a finite
set of generators of I Let J denote the annihilator ideal of ηn in D(X). By Lemma 3.1, for any i ≤ l we can
find d′i ∈ D(X) such that dip
n+deg di = pnd′i. Then for any φ ∈ S(X,V ) we have
(ηnd
′
i)(φ) = ηn(d
′
i(φ)) = ξ
′(pnd′i(φ)) = ξ
′(di(p
n+deg diφ)).
Since pn+deg dif ∈ Fn+deg di(X,U), from (4) we have d′i ∈ J . Thus the localization Jp of J includes p
−ndi
for all i. Note that {p−ndi} generate the ideal p
−nID(U), which is the annihilator of ξpn in D(U). Since
ξpn is holonomic, we get that D(U)/Jp is holonomic. Now, D(U)/Jp = Np, where N := ηnD(X). Thus Np
is holonomic, and Theorem 3.2 implies that N is holonomic and thus so is ηn.
Consider the analytic family of equivariant distributions ηλ := ηn|p|
λ−n defined for Reλ big enough. It
is easy to see that this family is (Q,ψλσ)-equivariant. By Theorem 3.4 the family ηλ has a meromorphic
continuation to the entire complex plane. Now, define η to be the constant term of this family. Note that
η|Xp = p
0ξ|Xp = ξ|Xp . By Lemma 2.2, η is generalized (Q, σ)-equivariant. 
Remark 4.2. The distribution η gives rise to Q-equivariant distributions on X. However, the restrictions
of these distributions to U might vanish. E.g. in the situation of Example 1.1, all Q-invariant distributions
on X are supported at the origin. Note also that the temperedness assumption on ξ is necessary even for the
trivial group action. E. g. the distribution exp(1/x)dx on R× does not extend to a distribution on R.
Note that complex algebraic groups and varieties can be viewed as R-points of algebraic groups and
varieties defined over R.
Let us now formulate and prove our main results.
Theorem 4.3. Assume that Q is quasi-elementary, and X is quasi-affine. Assume that there exists a Q-
orbit O ⊂ X that admits a tempered holonomic Q-equivariant V ∗-valued measure µ. If F is Archimedean we
assume in addition that X is smooth. Then there exists a generalized Q-equivariant holonomic distribution
η ∈ S∗(X,V ) and a Zariski open Q-invariant neighborhood U of O such that the restriction of η to U equals
the extension of µ to U by zero.
Proof. Let Z be the Zariski closure of O in X. By Corollary 2.8, there exists an algebraic character ψ of Q
and a non-zero (Q, ψ)-equivariant regular function q ∈ O(Z) defined over F .
If F is non-Archimedean then, by Theorem 2.14, µ can be extended to a generalized Q-equivariant V ∗-
valued distribution on Z := Z(F ). Extending this distribution by zero we obtain a generalized Q-equivariant
η ∈ S∗(X,V ).
Now assume that F is Archimedean and X is smooth. Let U := (X \Z)∪O. Note that O is closed in U
and extend µ by zero to ξ ∈ S∗(U, V ). Lift q to a regular function p ∈ O(X) defined over F . Then ξ|p|λ is
(Q, |ψ|λσ)-equivariant for all λ with Reλ > 0. Indeed, for any g ∈ Q, |ψ(g)|λ|p|λ − |gp|λ vanishes on Z ∩U ,
thus ξ(|ψ(g)|λ|p|λ − |gp|λ) = 0 and thus g(ξ|p|λ) = σ(g)|ψ(g)|λξ|p|λ. By Lemma 3.3 ξ is holonomic. From
Lemma 4.1 we obtain a generalized (Q, σ)-equivariant extension of ξ to X . 
Example 4.4. Let Q = upper triangular 2 × 2 invertible matrices, X = A2, and let O = F× × {0}. Then
Z = F ×{0}, and U = (F 2)×. We can take p(x, y) = q(x) = x. Then q is Q-equivariant, but p is not. Still,
if we take µ to be a Haar measure on F× and extend it by zero to ξ ∈ S∗(U) then ξ|p|λ is Q-equivariant
for any λ with Reλ > 0 and extends naturally to F 2 for Reλ > 1. This family also has meromorphic
continuation to the whole complex plane. At λ = 0 the continued family has a simple pole, with the residue
equal to the delta-function at the origin.
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The following theorem generalizes Theorem A.
Theorem 4.5. Assume that Q is quasi-elementary and X is quasi-projective. Assume that there exists a
Q-orbit O ⊂ X that admits a tempered Q-equivariant holonomic V -valued measure µ. If F is archimedean
we assume in addition that X is smooth. Then S∗(X,V )Q 6= 0.
Proof. For quasi-affineX, the theorem follows from Theorem 4.3, since the existence of a non-zero generalized
equivariant distribution implies the existence of a non-zero equivariant distribution.
For general quasi-projective X, there exist, by Proposition 2.13, an algebraic (finite-dimensional) F -
representationW of Q and a (locally closed) Q-equivariant embedding of X into the projective space P(W).
Let X′ := pr−1(X) ⊂W, where pr : W \ {0} → P(W) is the natural projection. By Lemma 2.28 we have
an isomorphism of Q-representations
(5) S∗(X,V ) ≃ S∗(X ′, V )F
×
.
Let Q′ := Q×GL1. Note that Q
′ is quasi-elementary and X′ is Q′-invariant. Let χ′ be the trivial extension
of χ to Q′. Let O′ := pr−1(O) and let µ′ be the (Q′, χ′)-equivariant measure on O corresponding to µ. Since
X′ is quasi-affine, we have S∗(X ′, V )Q×F
×
6= 0. By (5) this implies S∗(X,V )Q 6= 0. 
Remark 4.6. The argument in the proof of Theorem 4.5 almost shows that Theorem 4.3 extends to quasi-
projective varieties, except that in the case of archimedean F we cannot yet show that the extended distribution
η is tempered. Let us sketch the line of reasoning. As in the proof of Theorem 4.3, we define a meromorphic
family of equivariant distributions on the quasi-affine variety X ′. Since this family is F×-equivariant, it
defines a family of generalized sections of a family of analytic vector bundles on X, and we take the constant
term of this family. However, we will not know that this constant term is tempered, since we do not know
that the family is tempered, since we do not yet have a theory of Schwartz sections of a non-Nash bundle.
One of our students, Ary Shaviv, is currently working on such a notion.
Let G be a Zariski connected linear algebraic F -group. Let Q,H ⊂ G be F -subgroups such that Q
is quasi-elementary. Consider the action of Q × H on G given by left multiplication by Q and right
multiplication by H. The following theorem generalizes Theorem B.
Theorem 4.7. Let µ be a tempered Q × H-equivariant holonomic V ∗-valued measure on a double coset
QgH ⊂ G. Let (σ, V ) ∈ C(Q×H).
Then there exists a generalized Q × H-equivariant holonomic η ∈ S∗(G, V ) and a Zariski open Q ×H-
invariant neighborhood U of QgH such that the restriction of η to U equals the extension of µ to U by
zero.
Moreover, the dimension of S∗(G, V )Q×H is at least the number of Q × H-double cosets in (QgH)(F )
possessing non-zero Q×H-equivariant V ∗-valued tempered measures.
Proof. By Corollary 2.10, there exists an algebraic character ψ ofQ×H and a non-zero (Q×H, ψ)-equivariant
F -polynomial q on the Zariski closure Z of the double coset QgH that vanishes outside QgH. Extend µ by
zero to a Q×H-equivariant V ∗-valued measure on QgH(F ), that we will also denote by µ.
If F is non-Archimedean then, by Theorem 2.14, µ can be extended to a generalized Q × H-invariant
V ∗-valued distribution on Z := Z(F ). Extending this distribution by zero we obtain a generalized Q ×H-
invariant distribution η on G.
Now assume that F is Archimedean. Let U := (G \ Z) ∪ QgH and let ξ ∈ S∗(U, V ) be the extension
of µ by zero. Lift q to an F -polynomial p on G and note that for all λ with Reλ big enough, ξ|p|λ is
(Q ×H, |ψ|λσ)-equivariant. By Lemma 3.3, ξ is holonomic. Applying Lemma 4.1 to p, ξ,G and QgH, we
obtain a generalized equivariant extension η of ξ to S∗(G, V ).
To prove the “moreover” part, let g1, . . . gn ∈ (QgH)(F ) such that the double cosets QgiH are distinct and
posses invariant measures µ1, . . . µn. These measures extend by zero to linearly independent distributions ξi
on U . Applying Lemma 4.1 we construct meromorphic families ξi,λ of distributions on G. It is easy to see
that the support of each family ξi,λ lies in the closure of QgiH and thus the families are linearly independent.
Let L denote the linear span of the Laurent expansions of these families at λ = 0 and let W ⊂ S∗(G, V )
denote the space spanned by the leading coefficients of the series in L. By Lemma 2.4, dimW = dimL = n
and by Lemma 2.2 all the distributions in W are Q×H-equivariant. 
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Remark 4.8. The lower bound on dimension as in Theorem 4.7 can be shown to hold under the conditions
of Theorem 4.3 as well.
Proof of Corollary C. By Lemma 2.25 the double coset P0gH has a non-zero tempered P0 ×H equivariant
σ∗-valued measure. By Theorem B, this implies that S∗(G, σ)P0×H 6= 0, and thus S∗(G, σ)P0×H 6= 0. By
Lemma 2.27, S∗(G, σ)H×P0 is isomorphic to the space of H-invariant continuous functionals on IndGP0(σ). 
As we will show later, the following is a generalization of Proposition D.
Proposition 4.9. Let G be a linear algebraic F -group, let H,P ⊂ G be F -subgroups, let C := H ∩ P , and
let σ ∈ M(P ). Suppose that
(1) P is a parabolic subgroup, and the complement G\HP is the zero set of an (H×P, 1×ψ)-equivariant
F -polynomial f on G.
(2) either σ is finite-dimensional or H has finitely many orbits on the flag variety of minimal parabolic
F -subgroups of G.
(3) σ admits a non-zero (C,∆C∆
−1
H ) -equivariant continuous linear functional.
Then IndGP (σ) admits a non-zero H-invariant continuous linear functional.
Proof. In view of Lemma 2.26, we need to find a non-zero element
ξ ∈ S∗(G, σ ⊗∆−1P )
H×P .
By Lemma 2.25, the open double coset HP has a tempered H × P equivariant (σ ⊗∆−1P )
∗-valued measure
µ. If F is non-archimedean then the non-vanishing of S∗(G, σ ⊗∆−1P )
H×P follows from Theorem 2.14.
From now on we assume that F is archimedean. By Corollary 2.22, µf2n has a natural extension ξn to G
for n big enough. Multiplying this further by |f |λ−2n we obtain a family of distributions
ξλ ∈ S
∗(G, σ ⊗∆−1P )
H×P,1⊗ψλ for Re (λ)≫ 0.
If σ is finite dimensional then ξλ is holonomic and admits a meromorphic continuation in λ, and we obtain
ξ by considering the principal part at λ = 0.
From now on we assume that σ is infinite-dimensional and H satisfies the finiteness condition in (2). In
this case ξλ is not necessarily holonomic but we will show that it is still possible to obtain a meromorphic
continuation and obtain ξ as before.
For this we first note that by Theorem 2.29 we have an epimorphism
T : IndPQρ։ σ.
where Q ⊂ P is a minimal parabolic subgroup and (ρ, V ) ∈ Cfin(Q). We will now construct a monomorphism
Φ : S∗(G, σ) →֒ S∗(G× P, V )
with suitable equivariance under G× P , and satisfying
(a) The family ηλ = Φ(ξλ) is holonomic and hence admits a meromorphic continuation.
(b) The continued family is in the image of Φ and so determines a meromorphic continuation of ξλ.
To construct Φ, we fix a left Haar measure dq on Q and consider the integration operator
(6) I : S(P, V )։ IndPQ(ρ, V ), I (a) (p) :=
∫
Q
ρ (q) a (pq) dq
The map I is a surjection by [dCl91, Remark 2.1.4], and hence so is φ = T ◦I. Setting τ = Ker (φ) we obtain
a short exact sequence of representations of P, which we regard as G× P -modules with trivial G-action
(7) 0→ τ → S(P, V )
φ
։ σ → 0.
Tensoring this with S(G), equipped with the usual action of G × P , we get a sequence of G × P -modules,
which is a short exact sequence by Lemma 2.16.
(8) 0→ S(G) ⊗̂ τ → S(G) ⊗̂ S(P, V )
1⊗φ
։ S(G) ⊗̂ σ → 0.
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Now identifying S(G) ⊗̂ S(P, V ) with S(G× P, V ) and dualizing (8), we get
(9) 0→ S∗(G, σ)
Φ
→ S∗(G× P, V )→ S∗(G, τ)→ 0.
The map Φ is G × P -equivariant for the induced action, and to complete the proof it remains to show
that ηλ = Φ(ξλ) satisfies (a) and (b).
For (a) we note that the G × P -equivariance of Φ implies that ηλ is
(
H × P, 1⊗ ψλ
)
-equivariant. We
claim that ηλ is also
(
Q,∆−1Q
)
-equivariant with respect to the action of Q on S(G × P, V ) given by
(q · a) (g, p) = ρ(q)a(g, pq).
For this we argue as follows. By (6), for any a ∈ S(G × P, V ) we have I(q · a) = ∆Q(q)a and thus
∆Qa− q · a ∈ Ker(I). Since ηλ ∈ Im(T ◦ I)
∗, ηλ vanishes on Ker(I) and thus
〈q · ηλ −∆
−1
Q (q)ηλ, a〉 = 〈ηλ,∆Q(q)a− q · a〉 = 0
for any a ∈ S(G × P, V ). Thus q · ηλ = ∆
−1
Q ηλ.
Thus ηλ is
(
H × P ×Q, 1⊗ ψλ ⊗∆−1Q
)
-equivariant. Since by assumption H×P×Q has finitely many
orbits on G×P and ρ is finite dimensional, by Lemma 3.3 ηλ is holonomic.
To prove (b) we note that by (8) and (9) the image of Φ can be characterized as
Im (Φ) = (S(G) ⊗̂ τ)⊥ ⊂ S∗(G× P, V )
Thus we first have 〈
ηλ,S(G) ⊗̂ τ
〉
= 0 for Re (λ)≫ 0
and after meromorphic continuation, this holds for λ in an open dense subset of C. Consequently the
continued family ηλ lies in the image of Φ. This proves (b) and completes the proof of the Proposition. 
Note that assumption (2) is weaker than absolute sphericity and stronger than F -sphericity.
Remark 4.10. In fact, assumption (2) can be replaced by the assumption that H∩P has finitely many orbits
on the flag variety of minimal parabolic F -subgroups of P. Indeed, in this case H×P×Q has finitely many
orbits on HP×P, and thus ηλ|PH×P is holonomic. Since for Reλ big enough, ηλ is the natural extension
of ηλ|PH×P obtained by Corollary 2.22, we get that ηλ is also holonomic, and thus has a meromorphic
continuation. We can further drop the condition that P is a parabolic subgroup, but then we will have to
discuss functionals on the Schwartz induction (see [dCl91, Definition 2.1.3]).
Proof of Proposition D. By Corollary 2.10, there exists a non-zero F -polynomial q on G such that HP0 =
Gq. Since HP0 = HP, Corollary 2.12 implies that q changes under the action of the connected component
(H×P)0 ofH×P by some (algebraic) character ψ. Replacing q by the product of its shifts by representatives
of all the connected components of H×P, we obtain a polynomial p′ on G that changes by some character
under the action of H × P, and such that its set of non-zeros is still HP . Let E/F be a finite Galois
extension such that p′ is defined over E. Replacing p′ by the product of its shifts under the Galois group
Gal(E/F ) we obtain an H × P-equivariant F -polynomial p with the same set of zeros. The proposition
follows now from Proposition 4.9. 
It is shown in [BD92] that if G is reductive and H is a symmetric subgroup, then any θ-split parabolic
subgroup satisfies the conditions of the proposition, where θ is the involution that defines H. One can
show that if H ⊂ G is a horospherical subgroup, B ⊂ G is a Borel subgroup and D ⊂ G/H is a B-stable
divisor then the stabilizer of D in G also satisfies the conditions. In a subsequent paper we are going to find
sufficient conditions on P for general spherical subgroups H ⊂ G.
Remark 4.11. We require our groups to be Zariski connected for two reasons. First, this holds in all the
applications we have in mind and second, this is required in the statements from [KK] that we use in §2.2.
However, if we assume the subgroup Q in §2.2 to be solvable (rather than quasi-elementary) then one can
prove the corresponding statements directly without the connectivity assumption. As a result, the same holds
regarding Theorems A and B: if Q is solvable then it does not need to be connected.
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4.1. An open question. The next natural question that arises is whether one can extend distributions
which are supported on an orbit but not defined on this orbit.
Question 4.12. Let a quasi-elementary group Q act on a smooth affine variety X defined over R. Let
U ⊂ X be a (Zariski) open Q-invariant subset. Let χ be a character of Q. Let O ⊂ U be a closed Q-orbit
and assume that there exists ξ ∈ S∗(U, χ)Q with Suppξ = O. Does this imply S∗(X,χ)Q 6= 0?
It seems that the solution of this question requires a new method. We were able, however, to solve the
following special case.
Example 4.13. The answer to Question 4.12 is yes if Q = upper triangular 2 × 2 invertible matrices,
X = A2.
Proof. The only case that does not follow from Theorem A is U = A2 \ 0, O = R××{0}. Fix ξ ∈ S∗(U, χ)Q
with Suppξ = O. If yξ = 0 then ξ is a measure on O and we use Theorem A again. Assume ξy2 = 0, ξy 6= 0.
Note that q := Lie(Q) acts on X = R2 by the vector fields α = x∂x, β = y∂y, γ = y∂x. Thus the coordinate
y and the vector field ∂x are Q-equivariant. Since ξ is equivariant ξ∂yy is proportional to ξ and thus is
(Q,χ)-equivariant. Now, we build the family ξyxλ as in Lemma 4.1, take the leading coefficient of the
Laurent expansion at λ = 0 and apply ∂y to obtain a (Q,χ)-equivariant distribution. If ξ has order n along
Z, we consider the family ξyn−1xλ and apply ∂n−1y . 
5. Application to generalized Whittaker spaces
Let G be a Zariski connected real reductive group, g be its Lie algebra, and κ be the Killing form on g.
For any nilpotent element e ∈ g, one defines a nilpotent subalgebra r := re ⊂ g such that κ(e, [r, r]) = 0 (see
e.g. [GGS17, §2.5]). Then e defines a character χ of R := Exp(r) by
χ(Exp(y)) := Exp(iκ(e, y)).
For any smooth representation π of G, one defines the generalized Whittaker space We(π) to be the space
of (R,χ)-equivariant continuous functionals on π. While the definition of re involves some choices, for any
two different choices the spaces of functionals are canonically isomorphic.
Now let P ⊂ G be a parabolic subgroup, N ⊂ P be its unipotent radical and p, n be the Lie algebras of
P and N . Let V be finite-dimensional (complex) representation of P , and let IndGP (V ) denote the smooth
induction. The following theorem generalizes Theorem E.
Theorem 5.1. Let e ∈ n. Let r ⊂ g be a nilpotent Lie algebra with κ(e, [r, r]) = 0. Let R := Exp(r) and
define a character χ of R by χ(Exp(y)) = κ(e, y). Then there exists a non-zero (R,χ)-equivariant continuous
linear functional on IndGP (V ).
Proof. By Lemma 2.27 we have
((IndGP (V ))
∗)R,χ = S∗(G,χ⊗ (V ∗ ⊗∆−1P ))
R×P .
Let us show that the double coset RP has a tempered R × P -equivariant χ⊗ (V ∗ ⊗∆−1P )-valued measure.
By Lemmas 2.25 and 2.26(ii) one has to show that (χ ⊗∆R) ⊗ V
∗ ⊗∆−1C has a C-invariant vector, where
C := R ∩ P is diagonally embedded into R × P and ∆C denotes the modular function of C. Since R is
unipotent, so is C = R ∩ P and thus ∆R = ∆C = 1. Also, C lies in the unipotent radical of a minimal
parabolic subgroup P0 ⊂ P . Applying Lemma 2.26(i) to P0 we obtain that C acts unipotently on V
∗ and
thus has an invariant vector. Now, e lies in the nilradical of p, thus is orthogonal to p under the Killing form
and thus χ|C = 1. Altogether, we get that (χ⊗∆R)⊗ V
∗ ⊗∆−1C has a C-invariant vector. Thus RP has a
tempered R× P -equivariant χ⊗ (V ∗ ⊗∆−1P )-valued measure, and by Theorem B we have
S∗(G,χ⊗ (V ∗ ⊗∆−1P ))
R×P 6= 0.

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